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Champions



Ambassadors

Wanted: faculty champions to assist with Widening Participation
programmes and general recruitment activities.
Wanted: school mentors.
The faculty is particularly keen on diversity in applicants.



Tomorrow

I’m sorry I can’t be with you tomorrow.
In happier news, we will have a guest lecture given by my
colleague Dr Evgeny Shinder (who will be lecturing MAS114
Semester 2).
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Just in case you’re still worried...
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Strong induction

Another common variant is known as strong induction. This allows
you to assume all previous cases in your induction step, rather
than just the last one.
It looks like the following:

Definition (Strong induction)
Let Ppnq be a statement that depends on a natural number n.
Then if

(i) Pp0q is true, and

(ii) for all k , if Pp0q,Pp1q, . . .Ppkq are all true, then Ppk ` 1q is
also true,

then Ppnq is true for all n P N.
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Strong vs Weak induction

Again, this can be viewed as a cleverly disguised version of
ordinary induction: if we define the statement Qpnq as follows:

Qpnq “ Pp0q ^ Pp1q ^ ¨ ¨ ¨ ^ Ppn ´ 1q ^ Ppnq

“ “all the statements Pp0q, . . . ,Ppnq are true”,

then proving Qpnq by ordinary induction works out to be effectively
the same thing as proving Ppnq by strong induction.
Indeed, the base case Qp0q is the same thing as the base case
Pp0q. The induction step Qpkq ñ Qpk ` 1q looks like

Pp0q ^ ¨ ¨ ¨ ^ Ppkq ñ Pp0q ^ ¨ ¨ ¨ ^ Ppkq ^ Ppk ` 1q.

In order to prove this, we assume Pp0q, . . . ,Ppkq are all true and
have to prove that Pp0q, . . . ,Ppk ` 1q are all true. But then all of
these except the last are assumptions: what is left is to prove
Ppk ` 1q assuming Pp0q, . . . ,Ppkq, and that’s exactly the induction
step of a strong induction.
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Strong induction: an example

Here’s an example of strong induction in practice. First we’ll need a
definition:

Definition
The Fibonacci numbers F0,F1, . . . are defined by taking F0 “ 0
and F1 “ 1, and then for n ě 2 by

Fn “ Fn´1 ` Fn´2.

Now for the result in question:
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Let Ppnq be the statement Fn ă 2n. We know that

Pp0q is true, since
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We also know that Pp1q is true, since

F1 “ 1 ă 2 “ 21.
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Strong induction: an example

Proposition
For all n P N we have Fn ă 2n.

Proof.
Now we’ll show that for all k ě 1 we have that if

Pp0q, . . . ,Ppkq are all true, then Ppk ` 1q is true. So sup-
pose that Pp0q, . . . ,Ppkq are all true.

We now have that

Fk`1 “ Fk ` Fk´1

ă 2k ` 2k´1 (using Ppkq and Ppk ´ 1q)

ă 2k ` 2k

“ 2k`1,

which is exactly Ppk ` 1q. This completes the induction
step, and so finishes the proof. �



Some thoughts on that

That strong induction argument really had two base cases before
the induction step.
So we proved Pp0q, and we proved Pp0q ñ Pp1q by proving Pp1q,
and then we proved Pp0q ^ ¨ ¨ ¨ ^ Ppkq ñ Ppk ` 1q by proving
Ppk ´ 1q ^ Ppkq ñ Ppk ` 1q.
I like to think that the proof was arranged according to the shape of
the definition of the Fibonacci numbers: that definition has two
base cases F0 “ 0 and F1 “ 1, and a step Fn`2 “ Fn`1 ` Fn. This
is not a rare coincidence.
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Why does induction work?

In this section we make a few comments on why induction works.
They may be helpful in thinking about when you can and when you
can’t generalise induction to other settings.
Let’s introduce a definition:

Definition
A set (of numbers) is well-ordered if every nonempty subset has a
least element.

For now, our main use of that is to say this:

Definition
The well-ordering principle for N says that N is well-ordered.

This is a very special property of N. The integers Z, for example,
are not well-ordered. Indeed, the subset Z Ă Z of all integers does
not have a least element: there is no least integer.
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Theorem
The well-ordering principle for N and the principle of strong
induction are equivalent.
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Theorem
The well-ordering principle for N and the principle of strong
induction are equivalent.

Proof.
We’ll show first that we can derive the principle of

strong induction from the well-ordering principle.
So suppose we had a statement Ppnq for each n P

N, and we had a base case (that Pp0q was true) and an
induction step (that, for all k P N if we have Ppiq for all
i ă k , we also have Ppkq). We need to show that Ppnq is
true for all n.
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for all i ă a. Hence we have Ppaq also, by the induction
step. But that’s a contradiction: we assumed that  Ppaq.
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for all i ă a. Hence we have Ppaq also, by the induction
step. But that’s a contradiction: we assumed that  Ppaq.

Hence A doesn’t have any elements, which is the
same as saying that Ppnq holds for all n.
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Well-ordering

Theorem
The well-ordering principle for N and the principle of strong
induction are equivalent.

Proof.
Now we’ll show the other half of the equivalence: that

we can derive the well-ordering principle from the principle
of strong induction.

Let Qpnq be the statement, “any subset of N which
contains n has a smallest element”. We’ll prove Qpnq for
all n by strong induction.

Firstly, for a base case, we must prove Qp0q (“any sub-
set of N which contains 0 has a smallest element”). This
is clearly true, as 0 is the smallest natural number of all,
so any such subset has 0 as its smallest element.
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Now we must prove the induction step: we assume for

some k that Qpiq is true for all i ă k , and we prove that
Qpkq is true. Consider a subset S Ă N which contains k .
If it contains some element i ă k , then by Qpiq it has a
least element. If, however, it contains no element i ă k ,
then k is its least element: so in particular, it has a least
element. This proves Qpkq.



Well-ordering

Theorem
The well-ordering principle for N and the principle of strong
induction are equivalent.

Proof.
Now we must prove the induction step: we assume for

some k that Qpiq is true for all i ă k , and we prove that
Qpkq is true. Consider a subset S Ă N which contains k .
If it contains some element i ă k , then by Qpiq it has a
least element. If, however, it contains no element i ă k ,
then k is its least element: so in particular, it has a least
element. This proves Qpkq.

Hence we have Qpnq for all n by strong induction. So if
S is a nonempty subset of N, it has at least one element:
call it n. But then by Qpnq, the set S has a least element:
this proves the well-ordering principle. �



What does that tell us?

Part of the reason this is such good news is that there are other
well-ordered sets, besides the natural numbers. Whenever you find
a well-ordering, you get a notion of induction for free.
For example, consider the set of pairs pm, nq of naturals, where we
say that pm, nq ă pm1, n1q if m ă m1, or if m “ m1 and n ă n1. (This
is called the lexicographic ordering, because it’s inspired by the
way that words in dictionaries are ordered).
It is not too hard to prove that that is well-ordered: any set of pairs
of natural numbers has a “least” element with respect to this
ordering. Hence we can do (strong) induction on pairs of naturals!
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