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Why does induction work?
In this section we make a few comments on why induction works.
They may be helpful in thinking about when you can and when you
can’t generalise induction to other settings.
Let’s introduce a definition:

Definition
A set (of numbers) is well-ordered if every nonempty subset has a
least element.
For now, our main use of that is to say this:

Definition
The well-ordering principle for N says that N is well-ordered.
This is a very special property of N. The integers Z, for example,
are not well-ordered. Indeed, the subset Z Ă Z of all integers does
not have a smallest element: there is no smallest integer.
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What does that tell us?

Part of the reason this is such good news is that there are other
well-ordered sets, besides the natural numbers. Whenever you find
a well-ordering, you get a notion of induction for free.
For example, consider the set of pairs pm, nq of naturals, where we
say that pm, nq ă pm1 , n1 q if m ă m1 , or if m “ m1 and n ă n1 .
(This is called the lexicographic ordering, because it’s inspired by
the way that words in dictionaries are ordered).
It is not too hard to prove that that is well-ordered: any set of
pairs of natural numbers has a “least” element with respect to this
ordering. Hence we can do (strong) induction on pairs of naturals!
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Proofs as literature
In this section I simply give a few thoughts on how to write a good
proof.
Writing proofs which are easy to understand, enlightening, or fun
to read is very difficult.
Like with other forms of literature, the best way to learn to write
well is to read, and to think about what you read.
If you see a proof which you consider to be particularly well
written, try to learn from it as an example of what’s good to do.
Similarly, if you see a proof which you consider to be particularly
badly written, maybe you can learn something from the experience
about what to avoid!
Also, read it back to yourself (or better yet, get a colleague to read
it). You’re writing it so others can read: it’s good to test it to
make sure this is possible. This goes particularly for proofs
containing large amounts of symbols: these can be very hard to
read, and reading it back to yourself is probably the best way of
detecting this.
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A common mistake that beginners make is to use very few words
at all. Words are fantastic for explaining what you’re doing.
In particular, too many people overuse the symbol “6” (meaning
“therefore”), and the symbol “7” (meaning “because”). I won’t
use them at all in my proofs in these notes. There are so many
good phrases which do its job, and choosing one helps you write
what you’re actually thinking. Also, it distracts the reader’s eye
from the symbols which matter — the actual maths you’re doing
— to things which don’t.
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Here are some phrases which do the job of “6”:
so, hence, therefore, thus, consequently, as a result,
accordingly, for this reason, and so, and in particular, as a
consequence, because of that, and then, and from that,
...
Here are some which do the job of “7”:
because, since, as a result of, as we have, as we know, as
we have seen that, because we saw, . . .
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On the other hand, if you do write words, don’t write them all in
one paragraph. Try to write in a structured fashion, and if you are
producing paragraph after paragraph after paragraph, ask yourself
if you could use symbols to make your life easier in places.
The clearest pieces of mathematical writing I’ve read often make
good use of words and symbols, working together.
When it’s really important, I like to use both to make sure the
point is clear. I might write,
ř
Let A “ ni“1 apiq be the sum of the first n values of a,
and let p ą A be a prime number greater than A.
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There are also ways of abusing symbols. Consider the following
sentence:
The square of 5 “ 25.
Many novices write this, wanting it to mean:
pThe square of 5q “ 25.
However, experienced readers will read it as
The square of p5 “ 25q.
This is of course nonsense: equations don’t really have squares,
and 5 “ 25 is an invalid equation anyway.
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Some of he worst notational abuses are possible with induction.
When writing an induction proof, don’t explain what you need to
prove as
Let Ppnq “ an “ 3n ` 1.
This has Ppnq as a number, not a statement. Instead write:
Let Ppnq be the statement that an “ 3n ` 1.
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The importance of clear structure
Every sentence (and equation) of a proof needs to be justified:
§

§

Usually, most sentences simply follow on from the one before.
It is helpful to say so (using the connection words above, for
example).
Whenever a sentence doesn’t just follow on from the one
before (but is a radical new idea, or draws on things said a
while earlier), it’s even more important to say so. For
example, you could:
§

§

§
§
§

use words which introduce a change of pace (“now we do
this...”);
name or number something earlier, and refer back to it by
name or number;
leave a paragraph break;
leave a space;
have a descriptive section heading.
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Things you haven’t told us

It is particularly important to avoid unstated assumptions.
For example, if a proof contains an assertion that some
construction is a function, then the definition of a function gives
you some things to check: that every element of the domain gives
a unique element lying inside the codomain. Unless they’re
obviously true, it could be that these checks are the hardest and
most interesting part of the proof. They could even be lies.
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Explain the structure
Here is a classic account of a public speaking strategy:
First I tell them what I’m going to tell them.
Then I tell them.
And then I tell them what I’ve told them.
This approach is even better in proofs than it is in public speaking.
Some explanation at the beginning is important. It may well be
that your reader doesn’t know even what you’re aiming to do, and
it’s even more likely that your reader doesn’t know how you’re
planning to do it.
Also, some explanation at the end is important. When you reach a
conclusion, why do you think that what you have written actually
means you have finished the proof?
If the proof is long, then regard it as being made of several parts.
Give each part an explanation when you start and when you finish
it.

